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Abstract Electron micrographs of magnetotactic bacte-
riareveal that chains of magnetosomes are often bent. This
is surprising inasmuch as straight chains are actually the
most favourable arrangement for magnetonavigation
achieving the maximum value of the bacterial net magnetic
moment. In order to answer the question of what causes
the chains to bend, we calculated the stability limit of
straight magnetosome chains by taking into account elas-
tic and magnetic forces. For several scenarios, the thresh-
old values of external forces leading to elastic instability
were computed. From our calculations and observations
on freeze-dried cells, we conclude that, under normal con-
ditions, magnetosome chains are straight or only slightly
bent, whereas shrinkage during preparation may cause se-
vere artifacts such as kinks or zig-zag structures in the
chains.

Key words Bacteria - Magnetotaxis - TEM microscopy -
Lipid bilayers

1 Introduction

M agnetotactic bacteria, first observedin 1975 (Blakemore
1975), are regarded as the best understood organism using
the Earth’smagnetic field for orientation. Their “organ” of
magnetonavigationisevident: A chain of intracellular, fer-
romagnetic single-domain (SD) particles constituting a
biomagnetic compass-needle with a magnetic moment m

V. P. Shcherbakov

Geophysical Observatory “Borok”, Borok Yaroslavskaja oblast,
Russia, 151742

(e-mail: valera@geophys.yaroslavl.su)

M. Winklhofer (=) - M. Hanzlik - N. Petersen

Institut fur Allgemeine und Angewandte Geophysik,
Ludwig-Maximilians-Universitat, Theresienstrasse 41,
D-80333 M inchen, Germany

(Fax: 0049-89-2394 4205;

e-mail: michael @alice.geophysik.uni-muenchen.de)

sufficiently large to enable orientation of the bacteriumin
thegeomagneticfield B.(r) (Frankel and Blakemore 1980),
i.e. its magnetic alignment energy m-B, is one order of
magnitude greater than the thermal energy kgT. From a
magnetic point of view, a0.6-pm-long single-domain mag-
netite bar with cross-section 0.1-pumwould easily servefor
the purpose of magnetotaxis, yielding a 90% alignment in
amagnetic field of 0.5 Gaul3 (m-B,=16 kgT). Taking into
considerationthat bacteriareproduceby cell division, how-
ever, one automatically hasto draw the conclusion that the
bacterial organ of magnetoreception in mature cells needs
to be composed of at least two such subunits so as to guar-
antee a successful division process (Kirschvink 1982).
Nonetheless, the question arises of why bacteria do pos-

Fig. 1 TEM micrograph of an air-dried magnetic coccus with two
chains of magnetosomes. The chains, which lie at opposite sides

within the cell body, are bent and thereby fit the shape given by the

bacterial cell body. The scale bar is 0.2 micron
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Fig. 2 TEM micrograph of an air-dried magnetic coccus with two
chains of magnetosomes with kink. The scale bar represents 0.2 mi-
cron

sess such adevice which isfar too complex to merely op-
erate as a permanent magnetic dipole. Even if the answer
is not known yet, a consequence of this building plan,
which allows for flexibility, is that magnetosome chains
are often bent (Fig. 1), in certain cases even to such an ex-
tent that they form akink (Fig. 2).

A first analysis of the stability of magnetosome chains
has been given by von Dobeneck et a. (1987) using the di-
pole approximation to describe the magnetic interactions
between magnetosomes. In this paper wetakeinto account
magnetic as well as elastic forces to calculate threshold
values leading to elastic instability for different types of
external forces acting on the chain.

2 The model

Our modelling is based on two results obtained from nu-
merous TEM-studies on magnetotactic bacteria:

— Magnetosomes made of magnetite fall into the stable
single-domain particle size range, which was first cal-
culated by Butler and Banerjee (1975) and hasbeen con-
firmed by means of three-dimensional micromagnetic
modelling (Fabian et al. 1996).

— Neighbouring magnetosomes of a chain are separated
by asmall gap filled with some organic material which
prevents the magnetically attracting particles from
sticking together directly. Gorby et al. (1988) could
show for Magnetospirillummagnetotacticum (formerly
Agquaspirillum magnetotacticum) that each magneto-
someisenclosed by alipid bilayer membrane of thick-
nessh=6 nm. Thegap-width qin magnetotactic spirilli,
however, is often morethan 2h (Fig. 3), indicating that
thereisanother organic substance (e. g. aprotein) inthe

Fig. 3 TEM micrograph of achain of magnetosomesin anair-dried
magnetic spirillum. It can be seen that two neighbouring magneto-
somes are separated by asmall gap indicating that thereis some sub-
stance in between which prevents the single-domain particles from
sticking together directly. The scale bar is 0.2 um

gap. In other types of bacterialike cocci or vibrios such
membranes surrounding the magnetosomes have not
been detected yet; but neighbouring magnetosomes in
chains of these types of bacteria also lie adistinct dis-
tance apart from each other.

2.1 Internal forcesin the straight chain

Internal forcesin linear chains are a consequence of the
strong magnetostatic interactions between neighbouring
magnetosomes. There are essentially two contributions to
the total energy:

2.1.1 Magnetostatic energy W,

In case the gap width g is small compared to the diameter
a of a magnetosome (Fig. 4a), the magnetostatic energy
W, between the neighbouring surfaces of two adjacent
magnetosomes can be approximated as the magnetostatic
self-energy of athin disc uniformly magnetized along its
short axis:

W, = NMZa2q/2 = 2tM2a%q, (1)
where N is the demagnetization factor (here N=4m) and
M, the saturation magnetization of the material the mag-
netosomes are made of. The compressive stressin the gap
due to magnetostatic attraction, g, isthen obtained by dif-
ferentiating W, With respect to q:

=laWns= 2
(o} 2 g 2rmMs .

(2)
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Fig. 4a—c Three possible arrangements of the neighbouring sur-
faces A and B of two adjacent magnetosomes as modelled here.
Arrows within the particles indicate the direction of magnetization.
a Parallel configuration as occurring in straight chains. a and | de-
note the edge-length and the length of each magnetosome, q is the
gap-width. b Surface A symmetrically tilt with respect to surface B.
Since the mean distance between the two surfacesis independent of
the tilting angle, inclining the surface by an angle 6 in the CW di-
rection is energetically equivalent to the case when the same surface
isinclined by 8 in the CCW direction. The magnetostatic attraction
force between the particlesincreases as a function of 6. ¢ Surface A
asymmetrically tilt with respect to surface B. Now the mean distance
between the surfaces increases when 6 increases, and therefore the
magnetostatic attraction between the particles decrea% Note that
incthetheoretical valueof 6 canrangefrom—sin~ (q/a} to 7z where-
asin b isrestricted to the intervall [-sin™*(2q/a), sin*(2q/a)]

Mostly, magnetosomes consist of magnetite (M =480
GauR) and thus a typical value for the pressure acting on
the gap filling amounts of 1.5 bar.

2.1.2 Elastic energy Wy

In order to estimate to what extent the organic material is
compressed due to magnetostatic attraction forces, knowl -
edge of itselastic propertiesisrequired. Although we lack
the precise value of itsmodulus of elasticity E, wecan give
alower limit from the following consideration: Employ-
ing the usual linear stress-strain relation, o =Eu the elas-
tic and the “magnetic” properties of the gap are related by

2ITMZ/E = U (3)

where U is the deformation of equilibrium, which in the
following is expressed by the dimensionless parameter J
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and by definition is less than unity:
Ji=Ug<1. 4)

Thus, the value of E has to amount to at least 1.5 bar in
order that the gap filling will not get squashed. Before we
continue to analyze the stab|l|ty of linear chains, it seems
reasonable to compare this minimum value E™" with val-
ues characteristic of biological model membranes. The
bending rigidity ke of lipid bilayer membranes (thickness
of one layer ~4 nm, Mutz and Helfrich 1990) typically
ranges from 0.15x107%° J to 4.15x107° J (Duwe et a.
1990). The bending rigidity k. of an isotropic thin elastic
plate of thickness h is related to the modulus of elasticity
E and Poisson ratio v by (e.g. Landau and Lifshitz 1970)

Eh3
12(1-v?)’

and oneobtainsE®P =5 ... 200 bar, whichisinfairly good
agreement with the minimum value of E™" estimated here.
Possible large deformations are therefore not primarly due
to the magnetic pressure acting between neighbouring par-
ticles of a chain, but are the consequence of the anoma-
lously low rigidity of the organic material in between.

ke = (5)

2.2 Bending of the chain

In the previous section we have considered astraight chain
of magnetosomes compressed by the mutual magnetostatic
attraction of its magnetosomes. In the following, the en-
ergy of this configuration is compared to that of a chain
with one part inclined to the other part by asmall angle 6
(see Fig. 4b). In this case, the magnetostatic interaction
between the two charged surfaces A and B is not only a
function of the distance q between them, but also depends
on thetilting angle 6, and we obtain two further contribu-
tionsto the energy:

2.2.1 Bending energy

In addition to the elastic energy stored in the compressed
gap filling, bending elastic energy is necessary to stretch
the filling in the part above its neutral line (Fig. 5) and to
compress it in the part below. If deformations are small,
the additional strain u—ug, related to this bending is pro-
portional to the x-coordinate

Uy = U= Uy = ((R+X) 8 - RE)/q=X/R, (6)

where R=q/6 istheradius of curvature of the neutral line.
The bending energy is then obtained by integrating over a
cross section of the elastic material:

1 +al2 EIXIIF

_Elq_EI#?
2an I DRD .

T2RP T 2q
With noloss of generality, the cross-section can be approx-

imated by a square of edge length a leading to | =a%/12 for
its moment of inertia

W, = (7)
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Fig. 5 Bending of the elastic material (long section) in the gap
between two magnetosomes which are tilt to each other by a small
angle 0 (here exaggerated). The neutral line, the length of which re-
mains constant during bending, is represented by the dash-dotted
line. Below thisline, the material is compressed whileit is stretched
inthe upper part. R denotesthe radius of curvature of the neutral line
after bending. The strain required for bending is proportional to the
x-coordinate (Eqg. [6])

2.2.2 Magnetostatic energy

As long as g<a, the condition <1 is fulfilled and the
magnetostatic energy (Eqg. (1)) may be expanded for two
surfaces which are slightly inclined to each other:

Wins(a, 6) = Wis(q, 0) + Fo(q, 0) 642! + ... . (8)

Because of the symmetry of the problem (Fig. 4b), the
lineartermiszeroat 8=0. Thesecond derivativeF,(q, 8) =
0%W,,,(0, 8)/06%isexpressedinthesameway asW,,,(q, 0),
i.e

F2(a,6) = -2MZa°fx(q, 6) .

f»(g, ) was obtained by numerical integration of the
Rhodes-and-Rowlands formula modified with respect to
oblique surfaces (see Eqg. (33)—Eq. (35) in the Appendix)
and ranges from 2 to 0.5 for (g/a=0.01 ... 0.2). The neg-
ative sign of the function F,(q, 8) indicates that the mag-
netostatic energy is lowered by tilting because the mean
inverse distance between the chains increases. This means
that the magnetostatic energy favours bending of the mag-
netosome chains, whereas the el asticity of the organic ma-
terial ensures their mechanical stability.

Altogether, we have for those parts of the energy de-
pending on 6:

W0, 6) = [El/q - 2MZaf,(q, 0)] 67/2.. 9)

To achieve instability, the release in magnetostatic energy
has to exceed the energy required for bending. This con-
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Fig. 6 Stability diagram of the straight chain in absence of external
forces. The solid line represents the right-hand side of Eq. (10)
(12qf,/ma) as a function of the scaled gap width, g/a, the dashed
horizontal line represents the lower limit of 1/J, which by definition
is greater than unity (Eqg. [4])

dition leads to the relation
1/J<12qgf,/ra. (10)

The stability diagram (Fig. 6) shows that the right-hand
side of Eq. (10) is less than unity for gap widths of inter-
est (g/a=0.01 ... 0.2), whilethe left-hand side of Eq. (10)
is always greater than unity by definition (see Eq. (4)).
Thus, Eq. (10) cannot be fulfilled, which indicates that a
linear chain of magnetosomes is an elastically stable ar-
rangement when solely internal contributions to magneto-
static and elastic forces are considered.

From Eg. (9) it can be seen that magnetostatic interac-
tions lead to a reduction of the total energy. The elastic
modulus therefore is renormalized as follows:

B _Jgadf,0_ _12Jqf, [
Em_Eﬁ =t E—E =~ 12

ma O

(11)

3 External force T

From the consideration presented above it is obvious that
the chain can be regarded asalong rod with interacting al -
ternating elastic (organic substance) and non-elastic (mag-
netite particles) elements. It isawell-known phenomenon
that an elastic rod is subject to instability if an external
compressive force T exceeds a critical value F; (e.g.
Timoshenko and Gere 1961). The physical reason for the
onset of elastic instability in a compressed straight rod is
that bending of it leadsto a partial release of the elastic en-
ergy which was previously required to compress the rod.
In the following, we analyze the possibilities for onset
of elastic instability in a chain of magnetosomes. For this
purpose, it issufficient to consider solely the elastic energy
asit implicitly includes the magnetostatic energy (Eg. 11).
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Fig. 7 Sketch of abent chain of n magnetosomes as modelled here.
R is the radius of curvature after bending, B=n@ is the bending
angle of the whole chain. L denotes the length of the chain before
deformation, L—AL is the length due to compression by an axial
force T

3.1 Compressive forces: arc mode

Let a; be the tilting angle of the i-th chain link (magneto-
some). Then, the bending angle between thei-th and (i +1)-
thlink is 8 =a;,.,—a;. For arough estimation of F;;, we
first assume that all 6 =6 such that B=n#@ is the bending
angle for the whole chain, which now has the shape of an
arc (Fig. 7).

Let L =n(I+ g) be thelength of the compressed straight
rod, where | >a is the length of a magnetosome. In the
direction of the axial compressive force T, the rod bent
by an angle B is shorter than the straight rod by an
amount

N e: (s @l_.mgm Dﬁ%z 2
AL=1L 2Rst2D—L stZ 02 Lﬁ/ZEll,Z)

where 8 is assumed to be small such that sin(/2) may be
expanded tothethird order and R=L/g istheradiusof cur-
vature of the neutral line. The work done by an arbitrary
force T along the distance AL is given by

TAL=TLBY 24, (13)

This gain of elastic strain energy, however, is related to
elastic energy required for bending. Summing up the W,
from Eg. (9), we obtain the total energy of the bent rod as

| _n(+q)T Eﬁz
where only the terms depending on 8 are taken into ac-
count.

It is useful to express T by means of a dimensionless
force,

t=2Tq(l+q9)/Ey,l ,

W (0, B) = gm

ng 24 (14)

(15)
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which isrelated to the relative pressure T =0/E,, by

t=r124q(l+q)/a®. (16)
Equation (14) can now be written as

_En1 0 n?td
Wi (0, B) = 5o A= 5 8% (17)

Since any physically reasonable pressure must satisfy the
condition o/E,<1, the instability condition becomes

t >t = 24/n°. (18)

If the external, nonmagnetic force exceeds thislimit or the
chain becomes too long to withstand the external load, the
chain will form a smooth arc.

Itisalso of interest to estimate the critical external pres-
sure using the relation o7=T/a? together with Eqgs. (16)
and (18):

2

_at
™ 2q(+qg)n?’

Under the assumption that a=(l+q)/2 and g/a=0.1,
Eg. (19) simplifiesto

o0& =3E,/n?.

ac —

ot = (19)

(20)

Thisisan important result: The longer the chain the more

easily it can be bent — a fact often to be seen in TEM-mi-

crographs.

In a more general case, the work done by the force T

along the distance AL is given by
n

T(l+q) > cos(a;). (21)
i=1

Hence, the total energy W, is given by the following ex-

pression:

Wor(0,7) = 21 55 (@ @)2 -1 3 cos(an)s (22

This equation can be considered as the discrete analogue
of theenergy relationfor an elastic rod bent in aplane under
the influence of a concentrated force (Timoshenko and
Gere 1961).

A numerical analysiswas carried out to determinet,,;;,,,
the threshold value of t leading to instability. The result-
ing curve (Fig. 8) excellently fits the formula obtained
above (Eq. (18)).

3.2 Compressive forces: kink mode

The consideration presented above isonly valid if deflec-
tions of the magnetosome chain from the straight line are
small: indeed, owing to obvious geometrical restrictions,
the bending angles can hardly exceed acritical value 8, of
order g/a=0.1. After this value is achieved, bending can
continue in another way by “fixing” the closest end points
of the neighbouring surfaces on a distance g and moving
away the opposite ones (see Fig. 4c). It is interesting to
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Fig. 8 Numerically determined threshold force t=t,;, (solid line)
required to yield elastic instability of the magnetosome chain as a
function of the number of particles n. The dotted line represents a
n? fit (factor 24.01), which isin excellent agreement with the for-
mula obtained in Eq. (18)

note that, for such a process, the roles of the magnetic
and the elastic energy completely reverse: the elastic
energy decreases while the magnetostatic energy of the
arrangement increases and therefore the stabilizing force
is provided by the magnetostatic interaction.

Since the gaps widen due to relatively large bending
angles, it seems reasonable to neglect the elastic energy in
the first approximation. We will proceed with the mag-
netostatic energy alone and expand it into a Taylor-series:

W,(a, 8) = 2M2a>(const. + f; (g, 0) 6 - f,(q, 0) 6%/2 ...) .
(23)

Numerical cal culations showed that for g/a=(0.01... 0.2)
the values of f; range from 1.5t0 0.8 (f,=6 ... 1.5). Due
to the asymmetric arrangement, the first derivative f; is
no longer zero, which means that the magnetic forces be-
come decisive in the interplay with the external and elas-
tic forces. The total energy of the bent chain is given by

Wit (0, @) = =T (1 +0) g{cos(ao +2M2ad

[Df1(a, 0) laisn = ai |+ f2(q, 0) (@isa = ai)?/2]} . (24)

As a first assumption, we may neglect the 67 terms and
suppose that bending happens monotonically, that is,
a,>d,_;. Thus,

W (0, @) = 2tM$ @° 1 (, 0) (an — a1)

n
-T(I+q) > cos(a;). (25)
i=1
Consider the bent chain formed during the first stage of
instability and let us again assume that all 6=6, i.e. the
chain forms an arc. By putting —T(I+q) ZL, cos(a;) =
const—T (I + g) n62%/24 (see Eq. (13)), we obtain

W, (9, 0) =2tM2a3 £, n8-T(1+q)n362%/24 . (26)

W,; has tendency to increase 0 if

oT 12a fl
2nMZ ~ n?(1+q)8° (27)
Hence the critical pressure to cause instability is
_ 12Jaf;
Ouit=E (+q)n? (28)

In particular, it can be seen that the straight chain (8=0)
isstablewith respect to apureaxial compressiveforce o;; -

Comparing the value of g, with the corresponding
value of the Eq. (19) and accepting that 8= 6,=q/2a and
a=(I+q)/2, wefind that o/0&°=12 J. Thisis a physi-
cally obviousresult, for if the modulus of elasticity islarge
(i.e., J<1), astrong external forceisrequired for the on-
set of thefirst step of instability and the now comparatively
weak magnetic attraction forcescannot stop afurther bend-
ing such that the chain will collapse as shownin Fig. 9. In
contrast, if the critical pressure required to initialize bend-
ing is not very large, (i.e., J=0.1), then only slightly bent
configurations are observed (Fig. 1).

To show how a kink develops, we assume that i) the
whole chain is compressed under the action of an external
force and ii) the two outermost magnetosomes of a chain
are fixed such that the total length of the chain is reduced
toL,<L. Then, the chain has to be bent somehow so as to
fulfill thisgeometrical constraint. In afirst approximation,
the magnetostatic energy W, is proportional to (a, — a;)
(Eg. (25)), and the energetically most favourable configu-
ration isthat with aminimum angle difference between the
two extreme magnetosomes. It seems obvious that such a
configuration is a single and sharp kink in the middle of
the chain, which can often be seen in air-dried magneto-
tactic bacteria (Fig. 2). To prove this supposition, we nu-
merically minimized the energy with respect to the con-
strained length. We found that the configuration of mag-
netosomes with a sharp kink in its middle always contains
the minimal magnetic energy compared to other configu-
rations. Next we abandoned the linear approximation of
W, .s(a) and carried out numerical minimizationsusing the
exact expressions for the magnetostatic interaction be-
tween two charged surfaces which are inclined to each
other. It turned out agai n that the kink-modeyieldsthemin-
imum energy. From the physical point of view this result
iS quite obvious because the magnetic attraction between
the neighbouring surfaces of two adjacent magnetosomes
decreases with an increase of the tilting angle, as was
pointed out above. Thus, the total energy alwaysis mini-
mal if achain forms asingle, distinct “kink” instead of a
number of smaller kinks, as would be the case in the arc-
mode.

3.3 External lateral load
Let T; be alateral force acting on the i-th link (magneto-

some) of achain. If the link moves along a distance Ay in
the direction of the force, the associated gain in energy is



T, Ay. Inthefollowing we areinterested in the casethat the
ends of the chain are supported by the outer membraneand
adisplacement of the magnetosomesis achieved by bend-
ing of thewhole chain, i.e.

i

Ay=(1+q) zlsin(a]-). (29)
J:

Assuming that all T; =T, the total energy can be expressed

as

_Enl 20O , L. O
WOt(q’ai)_T,z daia=-ai) -ty sin(a;)o (30)
qdi=g j=1 a

A case of particular interest is when the source of the ex-
ternal force is due to the mutual repulsion of two parallel
magnetosome chains. For arough estimation of the dimen-
sionless force t acting on a chain, we consider the mag-
netic field H generated by the other chain as that of a
dipole with dipole moment M =Ma?nl. Then H=M/r3,
where r =sa is the distance between the chains. As the
magnetic moment of a single magnetosome is M =Mga?l,
the force

T=(m-0)HO3M2nl%s? (31)
and
2 2 2

Enls* ma*s

whichisobviously too small to cause any noticeabl e bend-
ing.

4 Discussion

Whatever it is composed of, the elastic material filling
the gaps between the magnetosomes and preventing them
from completely sticking together has a considerable
effect on the structure of magnetosome chains by impart-
ing flexibility to them. To prove this statement, we first
assume that the modulus of elasticity of the gap filling is
so large that the substance can be considered as incom-
pressible. In this case, magnetostatic forces alone counter-
act an external force. The pecularity of these forcesis that
any change of configuration — no matter whether caused
by tilting or by moving the particles away from each other
—immediately gives rise to a strong response of the mag-
netostatic attraction (Eq. (23)). The corresponding stabi-
lizing magnetostatic pressure is approximately M2, indi-
cating that a finite external force T>T,,;; needs to be
applied so as to bring about any change of configuration.
After the response of the magnetic forcesis overweighted,
they cannot prevent a further disruption of the chain and
the results of such a strong external force may be strongly
deformed (Fig. 9a) or even completely demolished con-
figurations (Fig. 9b).

On the other hand, if the linear elastic properties of the
gap filling are regarded, the response to aload is quadratic
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a

Fig.9a, b Strongly deformed configurations of magnetosome
chains due to shrinkage of air-dried magnetic vibroid cells. Scale
barsrepresent 0.2 microns. a Zig-zag-configuration. b Side-by-side-
configuration

in tilting angle thereby giving rise to a finite flexural ri-
gidity and enabling the chains to adapt to geometrical re-
strictions. However, as was stated above, elasticity may
play amajor rolein the arrangement of bent configurations
aslong asthe bending angleisrelatively small, i.e. aslong
as an external force only slightly compresses the chain.
Such a scenario is very plausible in a living bacterium if
the chain is a little too long to fit the available space. In
contrast, strong external forces, which will occur in air-
dried cellsdueto shrinkage of thewhol e cell body, are most
likely the cause for kinked chains or even strongly de-
formed configurations (Fig. 9).

Even in freeze-dried cells, in which the chains are not
subject to large external forces, theloss of water can influ-
ence the elastic properties of the bonds between magneto-
Somes.
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5 Conclusions

We calculated the stability of magnetosome chainsfor dif-
ferent scenarios by computing threshold values of exter-
nal forces leading to bent or kinked chains. An important
result isthat long chains can be bent more easily than short
chains (Eg. (19)), since the leverage of external forcesis
more effectiveon long chains. Additionally, smoothly bent
chainsreflect the el astic properti es of the organi c substance
in the gaps. In contrast, sharp kinks can only be generated
by magneti cinteracti ons between the magnetosomesunder
strong external forces. This is in good accord with our
TEM-investigations on freeze-dried cells which never re-
vealed signs of strong deformations, whereas TEM-pic-
tures of air-dried cells, which usually undergo consider-
ably shrinking, often showed the phenomenon of kinking
of the magnetosome chains.
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Appendix
The Rhodes-and-Rowlands formula for nonparallel surfaces

The magnetostatic energy of two parallel surfaces A and B, square
in shape and of edge length a, each of which carries a homogeneous
magnetic charge Mgo with g,=—0g and which are separated by a
distance c=qa, isgiven by

a a a a
Wins (A, B):—Mszazgdxt[dx'll;dyg dy’
o 1 : (33)
J(x=x)2+(y-y)?+c?

(Rhodes and Rowlands 1954) where x, y and X', y' are the coordi-
nates of sguare A and B, respectively. Evaluation of the two inner-
most integrals and subsequent substitution of x—x' — & leadsto

1 X
Wi (A, B) =202 M2 a3£ dx [ dé¢
X-1

[ﬂ‘\l"'qz"'fz _\q2+52

+log(-1++ q°+ &) —log(, 1+ q*+£&%)]. (34)
This kernel is the potential of two parallel lines of length 1 in y-di-
rection lying adistance z=q and x=1 apart from each other. To eval-
uate the potential of two squares which are inclined to each other by
an angle 6, a parametric representation of the inclined surface A is
required. According to Fig. 4b,

X > Xxcosf@ and q - q+(x-0.5)snod (35)

are the appropriate substitutions to be applied after the third integra-
tion. The fourth intergration over the range x=[0, 1] has to be
carried out numerically. The so obtained expression for W,,s(A, B)
(g, 6) is a generalized Rhodes-and-Rowlands formula that also ac-
counts for inclined surfaces.

For the model showed in Fig. 4c, the substitutions are given by

X » xcosf@ and g - g+xsiné. (36)



